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Àíîòàöiÿ
A new method is proposed for the alulation of full density matrix and thermody-
nami funtions of a many-boson system. Expliit expressions are obtained in the pair
orrelations approximation for an arbitrary temperature. The theory is self-onsistent
in the sene that the alulated properties at low temperatures oinide with that
of Bogoliubov theory and in the high-temperature limit lead to the results for las-
sial non-ideal gas in the random phase approximation. The phase transition is also
revealed as a onequene of BoseEinstein ondensation deformed by interatomi
interations. All the final formulae are written solely via the liquid struture fator
taken as a soure information instead of the interatomi potential and, therefore, in-
teronnet only observable quantities. This gives also a possibility to study suh a
strongly non-ideal system as liquid
4
He.
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1
INTRODUCTION
The properties of liquid helium are known to have brought about ample literature. Yet due
to its unique harateristis this quantum fluid keeps attrating the attention of speialists
in the field of theoretial and experimental physis alike. The first priniple mirosopi
desription of thermodynami and struture funtions as well as the phenomenon of Bose
Einstein ondensation at a onsiderable distane from the absolute zero, in partiular in the
viinity of the λ-transition, is still a problem whih annot be taken as solved to the very
end. The latter statement an be supported by a fairly instrutive study of heat apaity
in the viinity of the λ-transition. The λ-like form of the heat apaity in the viinity of
the phase transition of liquid helium into the superfluid state has been taken for a loga-
rithmi ddivergene with the ritial exponent α → 0. This view found its way into both
text-books and monographs [1, 2, 3, 4, 5, 6℄. Preise experiments helped to find out that
in fat there is no divergene in the heat apaity [7, 8℄ even though the exponent α is
indeed a small but negative number, α = −0.01056 [8℄. The studies of the λ-transition
based on the renormalization group method [9℄ provide us with a possibility to arry out a
orret alulus for the so-alled universal harateristis solely, i. e., the ritial harater-
istis of the thermodynami funtions and the relations of the amplitudes of their leading
asymptotis at the temperature on either side tending to the phase transition point. Even
though the thermodynami potential funtional from the two-omponent order parameter
for liquid
4
He was alulated preisely owing to the oherent states depition [10, 11℄, yet
its subsequent simplifiations neessary for the implementation of the renormalized group
approah make it impossible to desribe the system's harateristis outside the losest
viinity of the phase transition point using the same method. Notwithstanding tangible
efforts of the researhers the renormalization group method did not yield the logarithmi
divergene of the heat apaity (the α exponent was reeived as a small but still finite pos-
itive number, the power divergene having been obtained). Only in the subsequent studies
whih made use of the summation proedure of the Borel perturbation theory divergent
series established the negative value of the exponent: α = −0.01294 [12℄, α = −0.0150 [13℄,
α = −0.01126 [14℄.
The fat that heat apaity at the λ-point aquires a finite value finds itself in agreement
with F. London [15℄ in the sense that the λ-transition in liquid 4He is a Bose-ondensation
deformed by the interatomi interation inherent of the ideal Bose-gas bringing about the
steepness of the heat apaity urve in the viinity of the Bose-ondensation point. It is not
easy to reveal the onnetion between superfluidity and Bose-ondensation unequivoally.
This onnetion is a lot more omplex than a simple orrespondene. For instane, at the
temperature equaling absolute zero all the atoms of the ideal Bose-gas find themselves in
the states with a zero momentum thus forming the one-hundred per ent Bose-ondensate
(BC). However, suh a system is not superfluid. Conversely, liquid
4
He at the absolute
temperature zero is superfluid even though the number of atoms in the BC, as showed
both by theoretial and experimental studies, is but a small part of the entire number of
atoms. It is also well-known that one- and two-dimensional systems tend to reveal superfluid
harateristis with the BC being absent. Here we are onerned with the rise of the so-
alled non-diagonal long-range order when the one-partile density matrix in the oordinates
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desription dwindles in ompliane with the power law rather than the exponent law, at the
matrix arguments being disentangled over infinity. On the other hand a mere assumption
that the BC exists in the weakly imperfet Bose-gas made it possible for Bogoliubov [16℄
to obtain from the first priniples the energy spetrum whose properties are lose to those
of the liquid
4
He.
One other fairly omplex task lies in aording Bogoliubov's theory [16℄ well-suited for
the low temperatures with the random phase approximation in the theory of lassial sys-
tems. It may be possible to find expressions for the thermodynami and struture funtions
of the Bose-liquid whih would yield the results of Bogoliubov's theory for the temperatures
T → 0 K. For high temperatures in the quasi-lassial ~ → 0 limit this expression would
bring loser to the random phase approximation of the lassial non-ideal gas theory. It
might be supposed that suh an expression would also give good results in the intermedi-
ate temperature area where the transition point of liquid
4
He into the superfluid state is
loated. It is lear that we are referring not to the general formulae at the level of defi-
nitions whih just annot be brought to a ertain number", but to the disovery of suh
a first priniples method of alulating the thermodynami properties of the many-boson
system whih starts from the N partiles Hamiltonian and makes it possible to put forward
a regular perturbation theory with a onsistent onsideration of many-partile orrelations
starting with the two-partile orrelations.
In the present paper we mean to dwell upon one of the possibilities of solving these
problems. Some of the results to be presented here were briefly summarized in [17℄ just as
an illustration of ertain triks appliable to the wave funtions and the statistial operator
[18℄. However, the full sope of these findings has never been published. We shall alulate
expliitly the omplete density matrix taking into aount the two-partiletwo-partile
interatomi orrelations as well as the Helmholz free energy, the energy and also a pair
liquid struture fator whih will abide by the above requirements.
1 INITIAL EQUATIONS
Let us onsider the N set of spinless Bose-partiles with the mass m with the Hamiltonian
Hˆ =
N∑
j=1
pˆ2j
2m
+
∑
1≤i<j≤N
Φ(|ri − rj|), (1.1)
where the first term is the operator of the kineti energy, pˆj is the operator of the momen-
tum of the j-th partile. The seond term presents the potential energy of the two-partile
interation between the partiles with the oordinates x = (r1, ..., rN). The partiles move-
ment is limited within a volume of V .
Let ψn(x) be taken for a system of eigenfuntions of the Hamiltonian Hˆ and En are its
eigenvalues. Let us onsider suh an equation for the statistial operator:
e−βHˆψn(x) = e
−βEnψn(x), (1.2)
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where β = 1/T , T is the temperature of the onsidered system of partiles. Let us introdue
a ertain arbitrary funtion ϕ = ϕ(x) and let us multiply the left-hand side of equation
(1.2) by ϕ(x). We will integrate it over all oordinates x:∫
ϕ(x)e−βHˆψn(x)dx = e
−βEn
∫
ϕ(x)ψn(x)dx, (1.3)
where ∫
dx =
∫
dr1 . . .
∫
drN .
We will impose the following ondition for the funtion ϕ(x):∫
ϕ(x)ψn(x)dx 6= 0. (1.4)
Then making use of the self-onjugation of the operator Hˆ we shall transfer it in equation
(1.3) from the funtion ψn(x) to ϕ(x) multiplying the l. h. s. side of this equation by ψ
∗
n(x
′)
and summing it by all the indies of the n states:
∑
n
∫
ψ∗n(x
′)ψn(x)e
−βHˆϕ(x)dx =
∫
ϕ(x)
∑
n
ψ∗n(x
′)e−βEnψn(x)dx.
We make use of the ompleteness ondition∑
n
ψ∗n(x
′)ψn(x) = δ(x
′ − x),
and also proeeding from the previous equation we will obtain the following equation with
the permutation of the variables x for x′ and inversely:
e−βHˆϕ(x) =
∫
ϕ(x′)RN (x
′|x)dx′, (1.5)
where
RN(x
′|x) =
∑
n
ψ∗n(x)e
−βEnψn(x
′) (1.6)
is the density matrix in the oordinate representation.
In true fat equation (1.5) is self-evident and ould have been written out at one as a
matrix presentation of the statistial operator ation over any funtion ϕ(x). In the Dira
notations this equation an be written as follows
〈x|e−βHˆϕ〉 =
∫
〈x|e−βHˆ |x′〉〈x′|ϕ〉dx′,
(1.7)
〈x|e−βHˆ |x′〉 = RN(x′|x), 〈x′|ϕ〉 = φ(x′).
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It is lear that formula (1.5) or (1.7) is appliable both to one-partile and two-partiles
problems. Notwithstanding the fat that it is obvious, this formula makes it possible to
fully restore the density matrix (1.6). Here most signifiant heuristially is an arbitrary
hoie of the funtion ϕ(x) on ondition that it is non-orthogonal to the eigen-funtions of
the Hˆ operator and the existene of the integral (1.4).
The present artile is onerned with the alulus of the RN(x
′|x) density matrix for
the studied many-boson system from the initial equation (1.5).
Should the interpartile interation be swithed off, the density matrix will transfer
into that of the ideal Bose-partiles N system. That is why we will try to onstrut the
density matrix of the N system of interating partiles as a produt of the density matrix
of the ideal Bose-gas R0N (x
′|x) and the PN(x′|x) fator taking into aount the interpartile
interation:
RN(x
′|x) = R0N (x′|x)PN (x′|x), (1.8)
where at temperature T 6= 0
R0N(x
′|x) = 1
N !
(
m∗
2piβ~2
)3N/2∑
Q
exp
[
− m
∗
2β~2
N∑
j=1
(r′j − rQj)2
]
, (1.9)
the summation over Q is at the same time the summation over all the permutation N !
numbering the partiles oordinates; at T = 0, when all the partiles have zero momenta,
the matrix R0N (x|x′) = 1/V N . The mass of the partile in (1.9) is understood as a ertain
effetive mass m∗ whih equals the initial mass m unless the interation takes plae. Thus
a part of the ontribution from the interpartile interations is taken into aount by
renormalizing the partile mass, the remainder being left in the PN(x
′|x) fator. Postulating
this for the density matrix (1.8) is justified also by the fat that it was obtained under ertain
assumptions by a different method in [19℄ by a diret alulus from (1.6). The expression
for the effetive mass was found to be in agreement with the formula for the effetive mass
of the impurity atom moving in the Bose-liquid if the initial impurity mass oinides with
the mass of the atom of liquid. Yet for the RN(x
′|x) matrix in [19℄ an expression was found
whih is orret only at T → 0 K. Here we will try to find a formula for PN(x′|x) whih
will be apable of working in the entire temperature interval. We will also postpone the
disussion of the issue of determining the effetive mass ontained in expression (1.9).
Falling bak on the phenomenologial onsideration onerning the insignifiane of the
atoms permutation whih are loated at the distanes smaller than their own sizes quite
some time ago R. Feynman [20, 6℄ onstruted the N-partile distribution funtion of the
liquid
4
He, i. e., the diagonal elements of the density matrix as a produt of the ideal Bose-
gas distribution funtion multiplied by the fator aounting for the atom impenetrability.
We would like to base our analysis on the preise equation (1.5) and suggest a onsistent
method for the alulus of the PN(x
′|x) funtion omputing the latter expliitly aounting
for the two-partile orrelations. We will hoose the PN (x
′|x) matrix whih takes into
aount the interpartile orrelations as follows:
PN(x
′|x) = exp
{
c0 +
∑
q 6=0
c1(q)ρ
′
qρ−q −
1
2
∑
q 6=0
c2(q)
[
ρqρ−q + ρ
′
qρ
′
−q
]}
, (1.10)
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where the Fourier oeffiients of the partiles density flutuations
ρq =
1√
N
N∑
j=1
e−iqrj , (1.11)
ρ′q =
1√
N
N∑
j=1
e−iqr
′
j , (1.12)
at q 6= 0. The omponents of the wave vetor q over the integer values devisible by
2pi/V 1/D where D is dimentionality of the ubi box whih ontains the system of partiles
studied. We will determine the oeffiient funtions c0, c1(q), c2(q) from equation (1.5).
We have onfined ourselves to the onsideration of two-partile interpartile orrelations
in expression (1.10). Aounting of the three-partile and higher orrelations is aomplish-
able by adding the members with a produt of three or more ρq in the exponent in (1.10).
In our work we will not take them into aount expliitly, yet we will return to them when
disussing the issue of the effetive mass m∗. The exponent form of the PN(x
′|x) matrix is
aused by the lassial boundary of its diagonal elements when PN(x|x) turns into the usual
Boltzman fator exp(−βΦ), where Φ is the potential energy of the interpartile interation
thus equaling the seond term in the Hamiltonian (1.1).
Finally, we must also hoose the appropriate ϕ funtion whih is ontained in equation
(1.5) and meets requirement (1.4). In our ase we will adjust it from the lass of suh
funtions:
ϕ(x) = exp
[∑
q 6=0
λ(q)ρq
]
, (1.13)
where the arbitrary oeffiient funtion λ(q) is a real funtion from the wave vetor module
q = |q| with all the neessary properties.
2 THE LEFT-HAND SIDE OF EQUATION (1.5)
Let us represent the ation of the statistial operator on the ϕ funtion in (1.5) in the form
of the exponent funtion:
eU = e−βHˆϕ. (2.1)
Here again when fixing the exponent form of this funtion we proeed from the assumption
that in the quasi-lassial limit when ~ → 0 the statistial operator omes up to the
Boltzman fator whih just as the ϕ funtion has an exponent form. Differentiating either
sides of the equation with respet to inverse temperature β we will find the equation for
the unknown funtion U :
−∂U
∂β
= e−UHˆeU ,
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or expliitly
− ∂U
∂β
= − ~
2
2m
N∑
j=1
[
∇
2
jU + (∇jU)
2
]
+ Φ, (2.2)
where from (2.1) and (1.13) it is apparent that
U =
∑
q 6=0
λ(q)ρq, when β = 0. (2.3)
To solve equation (2.2) we will hoose the funtion U in the form of the series by the
degrees"of the ρq quantities:
U = a0 +
∑
q 6=0
a1(q)ρq +
1
2
∑
q 6=0
a2(q)ρqρ−q + . . . . (2.4)
We have agreed to take into aount the two-partile interpartile orrelation only that is
why the series is trunated at the seond degree of ρq. Higher orrelations denoted as dots
in (2.4) an be taken into aount by summing higher degrees of ρq. It is onvenient to
work with our equation in terms of the ρq quantity rather than the individual oordinates
x. That is why we will show the potential energy Φ through the quantities of ρq:
Φ =
N(N − 1)
2V
ν0 +
N
2V
∑
q 6=0
νq(ρqρ−q − 1), (2.5)
where the Fourier oeffiients of the two partiles potential energy
νq =
∫
e−iqR Φ(R) dR. (2.6)
Equation (2.2) will now look as follows
−∂U
∂β
=
∑
k 6=0
~
2k2
2m
(
ρk
∂U
∂ρk
− ∂
2U
∂ρk∂ρ−k
− ∂U
∂ρk
∂U
∂ρ−k
)
+
1√
N
∑
k 6=0
∑
k′ 6=0
k+k′ 6=0
~(kk′)
2m
ρk+k′
(
∂2U
∂ρk∂ρk′
+
∂U
∂ρk
∂U
∂ρk′
)
+
N(N − 1)
2V
ν0 +
∑
k 6=0
N
2V
νk(ρkρ−k − 1). (2.7)
We substitute in this equation expression (2.4) for the U funtion and from the equivalene
ondition of the oeffiient funtions at the equal degrees of ρk in the left- and right-hand
sides of this equation and again taking into aount just the two-partile orrelation we
find a system of three equations for the unknown quantities a0, a1(q) and a2(q)
− da0
dβ
= −
∑
q 6=0
~
2q2
2m
[a2(q) + a
2
1(q)] +
N(N − 1)
2V
ν0 −
∑
q 6=0
N
2V
νq, (2.8)
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−da1(q)
dβ
=
~
2q2
2m
a1(q)[1− 2a2(q)], (2.9)
−da2(q)
dβ
=
~
2q2
m
[a2(q)− a22(q)] +
N
V
νq. (2.10)
We begin to solve the system of these equations from equation (2.10) for a2(q). Notwith-
standing the fat that this equation is nonlinear its solution an be found analytially whih
was suggested for the first time in [21℄ in the framework of the so-alled shifts and olletive
variables method:
a2(q) = −αq − 1
2
1− e−2βE(q)
1 + αq−1
αq+1
e−2βE(q)
, (2.11)
αq =
√
1 +
2N
V
νq
/
~2q2
2m
, (2.12)
where
E(q) = αq
~
2q2
2m
(2.13)
is Bogoliubov's elementary exitation spetrum [16℄.
After this we solve in turn equations (2.9) and (2.8). Fairly simple even though umber-
some transformations taking into aount the initial"ondition (2.3) lead to the following
result
a1(q) = λ(q)
2αq
αq+1
e−βE(q)
1 + αq−1
αq+1
e−2βE(q)
, (2.14)
a0 = −βE0 − 1
2
∑
q 6=0
ln
[
1 + αq−1
αq+1
e−2βE(q)
1 + αq−1
αq+1
]
+
∑
q 6=0
λ2(q)
1− e−2βE(q)
(αq + 1)
[
1 + αq−1
αq+1
e−2βE(q)
] , (2.15)
where
E0 =
N(N − 1)
2V
ν0 −
∑
q 6=0
~
2q2
8m
(αq − 1)2 (2.16)
is the energy of the ground state of the many-boson system in Bogoliubov's approximation
[16℄.
Thus in the approximation of pair orrelation we have found expliitly the result of
the ation of statistial operators on the ϕ funtion, i. e., the left-hand side of our main
equation (1.5) whih taking into aount (2.1) looks as follows:
eU =
∫
ϕ(x′)R(x′|x)dx′. (2.17)
To go further we must alulate the integral over x′ in the right-hand side of this equation.
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3 THE RIGHT-HAND SIDE OF EQUATION (1.5)
Let us now proeed to the finding of the expliit form of the right-hand side of our main
equation (2.17) making use of the postulated form of the (1.8)(1.10) statistial operator.
We have
∫
ϕ(x′)R(x′|x)dx′ =
∫
. . .
∫
R0N (x
′|x) exp
{∑
q 6=0
λ(q)ρ′q + c0 +
∑
q 6=0
c1(q)ρ
′
qρ−q
− 1
2
∑
q 6=0
c2(q)
[
ρqρ−q + ρ
′
qρ
′
−q
]}
dr′1 . . . dr
′
N . (3.1)
Let us pass over in this expression from the integration of partiles r′1, ..., r
′
N by the individ-
ual oordinates to the integration over the ρ′q variables whih are determined by formula
(1.12). Suh a transition is performed by means of Zubarev's [22℄ transition funtion whih
is a produt of the Dira δ-funtion and equation (3.1) and looks as follows:∫
ϕ(x′)R(x′|x)dx′ =
∫
. . .
∫
exp
{∑
q 6=0
λ(q)ρ′q + c0 +
∑
q 6=0
c1(q)ρ
′
qρ−q
−1
2
∑
q 6=0
c2(q)[ρqρ−q + ρ
′
qρ
′
−q]
}
J0(ρ
′)(dρ′), (3.2)
where the weight funtion
J0(ρ
′) =
∫
. . .
∫
R0N(x
′|x)
∏
q 6=0
′
δ
(
ρ′q −
1√
N
N∑
j=1
e−iqr
′
j
)
dr′1 . . . dr
′
N . (3.3)
An element of the ρ′q spae volume
(dρ′) =
∏
q 6=0
′
dρ′cqdρ
′s
q , (3.4)
where ρ′cq , ρ
′s
q are a real and respetively an imaginary part of the variable ρ
′
q = ρ
′c
q − iρ′sq .
The integration by ρ′cq , ρ
′s
q takes plae in the infinite volume. The prime (
′
) at the produt
sign in (3.3) and (3.4) means that the values of the wave vetor q are onsidered only from
the half-spae of all of its possible values beause there exists the dependene ρ′∗q = ρ−q′ or
ρ′cq = ρ
′c
−q, ρ
′s
q = −ρ′s−q.
We will use the integral representation for the δ-funtion and write the transition fun-
tion (3.3) as
J0(ρ
′) =
∫
. . .
∫
R0N (x
′|x)
∫
(dω) exp
[
pii
∑
q 6=0
ωq
(
ρ′q −
1√
N
N∑
j=1
e−iqr
′
j
)]
dr′1 . . . dr
′
N
=
∫
(dω) exp
[
pii
∑
q 6=0
ωqρ
′
q
]〈
exp
[
−pii
∑
q 6=0
1√
N
ωq
N∑
j=1
e−iqr
′
j
]〉
, (3.5)
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here the element of the ω spae
(dω) =
∏
q 6=0
′
dωcqdω
s
q,
where ωcq, ω
s
q are a real and respetively an imaginary part of the ωq omplex variable linked
to ρq, the angle brakets denoting the integration over the individual primed oordinates
with the weight equaling the density matrix of the ideal gas:
〈. . .〉 =
∫
. . .
∫
(. . .)R0N(x
′|x)dr′1 . . . dr′N . (3.6)
The integral from the R0N (x
′|x) density matrix itself by x′ equals unity. Indeed,∫
. . .
∫
R0N(x
′|x)dr′1 . . . dr′N
=
1
N !
(
m∗
2piβ~2
)3N/2∑
Q
∫
. . .
∫
e
− m
∗
2β~2
∑N
j=1(r
′
j−rQj)
2
dr′1 . . . dr
′
N (3.7)
=
1
N !
(
m∗
2piβ~2
)3N/2∑
Q
∫
. . .
∫
e
− m
∗
2β~2
∑N
j=1 R
2
jdR1 . . . dRN = 1,
where we have passed to the new variables of integration
Rj = r
′
j − rQj,
and at the same time we assume that the size of the box where the system of partiles is
loated is already infinite, V →∞. We will refer to operation (3.6) as to averaging.
Let us now pass over to the alulation of the weight funtion (3.5). We will reflet
the average from the exponent in (3.5) in the form of the exponent from the non-reduible
means limiting ourselves to two-partile orrelations again:
J0(ρ
′) =
∫
(dωq)e
pii
∑
q6=0 ωqρ
′
q exp
{
−pii
∑
q 6=0
ωq√
N
〈
N∑
j=1
e−iqr
′
j
〉
+
1
2
∑
q1 6=0
∑
q2 6=0
(piiωq1)(piiωq2)
N
[〈 N∑
j1=1
e−iq1r
′
j1
N∑
j2=1
e−iq2r
′
j2
〉
(3.8)
−
〈
N∑
j1=1
e−iq1r
′
j1
〉〈
N∑
j2=1
e−iq2r
′
j2
〉]
+ . . .
}
.
Let us alulate the averege quantities neessary for us. Thus similarly to (3.7) we have
〈 N∑
j=1
e−iqr
′
l
〉
=
1
N !
(
m∗
2piβ~2
)3N/2∑
Q
N∑
l=1
∫
. . .
∫
dr′1 . . . dr
′
Ne
−iqr′le
− m
∗
2β~2
∑N
j=1(r
′
j−rQj)
2
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=
1
N !
(
m∗
2piβ~2
)3N/2∑
Q
N∑
l=1
e−iqrQl
∫
. . .
∫
dR1 . . . dRNe
−iqRle
− m
∗
2β~2
∑N
j=1 R
2
j
=
1
N !
(
m∗
2piβ~2
)3N/2∑
Q
N∑
l=1
(
2piβ~2
m∗
)3(N−1)/2
e−iqrQl
(
2piβ~2
m∗
)3/2
(3.9)
×e−β~2q2/2m∗ =
√
Nρqe
−β~2q2/2m∗ .
Inidentally, it is not diffiult to show that the mean for the many-fermion system equals
zero. This is onneted with the fat that the R0N (x
′|x) density matrix for the fermions is
antisymmetri as regards the permutation of the primed (r′1, . . . , r
′
N) oordinates, the value
of (1.12) being symmetrial. Otherwise said, for Fermi statistis the ϕ funtion from (1.13)
does not meet ondition (1.4). Thus, it is neessary to find another funtion whih would
be non-orthogonal to the wave funtions of the many-fermion system. The resuls of the
alulation of the thermodynami and struture funtions for the Fermi partiles on the
basis of the suggested approah will be published separately.
Our further steps are analogous to those in the ase of (3.9):
〈 N∑
j1=1
e−iq1r
′
j1
N∑
j2=1
e−iq1r
′
j2
〉
=
〈 N∑
j1=1
e−i(q1+q2)r
′
j1
〉
+
N∑
j1=1
N∑
j2=1
(j1 6=j2)
〈
e−iq1r
′
j1−iq2r
′
j2
〉
= e−β
~
2(q1+q2)
2
2m∗
N∑
j1=1
e−i(q1+q2)rj1 +
N∑
j1=1
e−iq1rj1
N∑
j2=1
e−iq2rj2e
−β
(
~
2q21
2m∗
+
~
2q22
2m∗
)
(3.10)
−e−β ~
2
2m∗
(q21+q
2
2)
N∑
j1=1
e−i(q1+q2)rj1 .
Now, taking into aount (3.9) and (3.10) we will find that
〈 N∑
j1=1
e−iq1r
′
j1
N∑
j2=1
e−iq2r
′
j2
〉
−
〈 N∑
j1=1
e−iq1r
′
j1
〉〈 N∑
j2=1
e−iq2r
′
j2
〉
(3.11)
=
(
1− e−2β ~
2q21
2m∗
)
Nδ(q1 + q2) +
[
e−β
~
2
2m∗
(q1+q2)2 − e−β ~
2
2m∗
(q21+q
2
2)
]√
Nρq1+q2.
Here, the seond term will be omitted in the aepted approximation of two-partile orre-
lations when substituting (3.11) in (3.8). Expressions (3.9), (3.11) give orret asymptotis
at absolute zero temperature, β →∞, as well.
Further, the weight funtion in (3.8) an be alulated easily as the integrals by ωck and
ωsk are reduible to the Poisson integrals:
J0(ρ
′) =
∫
(dω) exp
[
−1
2
∑
q 6=0
|piωq|2(1− e−2β
~
2q2
2m∗ ) + pii
∑
q 6=0
ωq
(
ρ′q − ρqe−β
~
2q2
2m∗
)]
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= exp

−
1
2
∑
q 6=0
∣∣∣ρ′q − ρqe−β ~2q22m∗ ∣∣∣2
1− e−2β ~2q22m∗


∏
q 6=0
′ 1
pi
(
1− e−2β ~2q22m∗
) . (3.12)
Now, just as in (3.12) we an arry out integration in (3.2):
∫
ϕ(x′)R(x′|x)dx′ = exp

c0 + 12
∑
q 6=0
λ2(q)[
c2(q) +
1
1−e−2β~2q2/2m∗
]


× exp
{∑
q 6=0
λ(q)ρq
[
c1(q) +
e−β
~
2q2
2m∗
1− e−2β ~2q22m∗
]/[
c2(q) +
1
1− e−2β ~2q22m∗
]}
× exp
{
1
2
∑
q 6=0
[
c1(q) + e
−β ~
2q2
2m∗
/
(1− e−2β ~
2q2
2m∗ )
]2
[
c2(q) + 1
/
(1− e−2β ~2q22m∗ )
] ρqρ−q
−1
2
∑
q 6=0
[
c2(q) +
e−2β
~
2q2
2m∗
1− e−2β ~2q22m∗
]
ρqρ−q
}∏
q 6=0
′ 1
1 + (1− e−2β~2q2/2m∗) c2(q) . (3.13)
Thus, we have also found the right-hand side of the main equation (1.15). Now we an
proeed to determining the unknown oeffiient funtions c0, c1(q) and c2(q).
4 EQUATIONS FOR THE ñ
n
(q) COEFFICIENT
FUNCTIONS
To satisfy ondition (2.17) the exponent fator in (3.3) should equal the U funtion from
(2.4) for any values of the ρq variable and the arbitrary funtion λ(q). From this ondition
we find the equation for the unknown funtions c0, c1(q), c2(q). Thus, we will equate the
oeffiients at the idential degrees of ρq in (2.4) as well as in the exponent of the right-hand
side part of equation (3.13):
a0 = c0 +
1
2
∑
q 6=0
λ2(q)
/[
c2(q) +
1
1− e−2β ~2q22m∗
]
− 1
2
∑
q 6=0
ln
[
1 +
(
1− e−2β~2q2/2m∗
)
c2(q)
]
, (4.1)
a1(q) = λ(q)
[
c1(q) +
e−β
~
2q2
2m∗
1− e−2β ~2q22m∗
]/[
c2(q) +
1
1− e−2β ~2q22m∗
]
, (4.2)
a2(q) =
[
c1(q) +
e−β
~
2q2
2m∗
1− e−2β ~2q22m∗
]2/[
c2(q) +
1
1− e−2β ~2q22m∗
]
12
−
[
c2(q) +
e−2β
~
2q2
2m∗
1− e−2β ~2q22m∗
]
. (4.3)
Let us address equation (4.1) taking into aount expression (2.5) for a0 as a result of
the arbitrariness of the funtion λ(q). We will obtain one more additional equation equaling
the multipliers near λ2(q) on either side in equation (4.1). In equation (4.2) the value of λ(q)
falls out as an be seen from (2.4). Thus, we now have three equations for two oeffiients
c1(q) and c2(q). If our theory is onsistent, one of the equations from system (4.1)(4.3)
will be satified identially:
2αq
αq+1
e−βE(q)
1 + αq−1
αq+1
e−2βE(q)
=
c¯1(q)
c¯2(q)
,
a2(q) =
c¯21(q)
c¯2(q)
− c¯2(q) + 1, (4.4)
1
αq + 1
1− e−2βE(q)
1 + αq−1
αq+1
e−2βE(q)
=
1
2c¯2(q)
,
here we have introdued abbreviated notations
c¯1(q) = c1(q) +
e−β
~
2q2
2m∗
1− e−2β ~2q22m∗
, (4.5)
c¯2(q) = c2(q) +
1
1− e−2β ~2q22m∗
. (4.6)
From the third equation of system (4.4) we have
c¯2(q) =
αq + 1
2
1 + αq−1
αq+1
e−2βE(q)
1− e−2βE(q)
=
1 + αqcoth[βE(q)]
2
,
and from (4.6)
c2(q) =
1
2
{
αqcoth[βE(q)]− coth
[
β
~
2q2
2m∗
]}
. (4.7)
Now, from the first equation (4.4) we find
c¯1(q) =
αq
2 sinh[βE(q)]
,
and from (4.5) we have
c1(q) =
1
2

 αqsinh[βE(q)] − 1sinh [β ~2q2
2m∗
]

 . (4.8)
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We an easily hek now that the seond equation from system (4.4) is indeed met
identially as expeted.
Finally, from (4.1) we also find the oeffiient
c0 = −βE0 + 1
2
∑
q 6=0
ln
(
1− e−2β ~
2q2
2m∗
1− e−2βE(q)
)
+
1
2
∑
q 6=0
ln αq. (4.9)
5 DENSITY MATRIX AND THE PARTITION
FUNCTION
With the help of expressions (4.7)(4.9) taking into aount (1.8)(1.10) we find the expliit
expression for the N-partile density matrix:
RN(x
′|x) = R0N (x′|x) exp

−βE0+12
∑
q 6=0
ln

αq tanh [β2E(q)]
tanh
[
β ~
2q2
4m∗
]

 +∑
q 6=0
ln
(
1− e−β ~
2q2
2m∗
1− e−βE(q)
)

× exp
{
−1
4
∑
q 6=0
(
αq coth [βE(q)]− coth
[
β
~
2q2
2m∗
])
(ρqρ−q + ρ
′
qρ
′
−q) (5.1)
+
1
2
∑
q 6=0

 αq
sinh [βE(q)]
− 1
sinh
[
β ~
2q2
2m∗
]

 ρqρ′−q
}
.
By integrating the density matrix diagonal elements in ompliane with (1.6) we obtain
the partition funtion
ZN =
∫
RN (x|x)dx, (5.2)
from whih we will find free energy F = −T ln ZN , and from the latter other thermodynami
funtions.
In (5.2) let us pass over from the integration over the individual oordinates (r1, . . . , rN)
to the integration over the olletive variables (1.11) similarly to what was done in (3.1):
ZN = Z
0
N exp
{
−βE0 + 1
2
∑
q 6=0
ln

α tanh [β2E(q)]
tanh
[
β ~
2q2
4m∗
]


+
∑
q 6=0
ln
(
1− e−β ~
2q2
2m∗
1− e−βE(q)
)}∫
(dρ)J(ρ)
× exp
{
−1
2
∑
q 6=0
(
α tanh
[
β
2
E(q)
]
− tanh
[
β
~
2q2
4m∗
])
ρqρ−q
}
, (5.3)
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where the weight funtion
J(ρ) =
〈∏
q 6=0
′
δ
(
ρq − 1√
N
N∑
j=1
e−iqrj
)〉0
, (5.4)
here the brakets marked with 0"denote the following averaging:
〈. . .〉0 = 1
Z0N
∫
(. . .)R0N (x|x)dx, (5.5)
and the partition funtion of the ideal gas
Z0N =
∫
R0N (x|x)dx. (5.6)
We alulate the J(ρ) weight funtion from (5.4) in the same way as the J0(ρ
′) funtion
from (3.3), learly just with a different averaging operation (5.5) instead of (3.6). Thus,
by the respetive permutation for J(ρ) we have expressions(3.5) and (3.8). The neessary
averages values ontained in (3.8) an now be alulated easily as well
〈 1√
N
N∑
j=1
e−iqrj
〉0
=
√
N δq,0,
and〈(
1√
N
N∑
j1=1
e−iq1rj1
)(
1√
N
N∑
j2=1
e−iq2rj2
)〉0
= S0(q1)δ(q1 + q2), q1 6= 0, q2 6= 0, (5.7)
where S0(q) by definition is a pair struture fator of the ideal Bose-gas. The expression
for it is well-known
S0(q) = 1 +
1
N
∑
p
npn|p+q|, (5.8)
where
np =
1
z−10 e
β ~
2p2
2m∗ − 1
(5.9)
is an average number of partiles whose momentum equals ~p, the ativity of the ideal gas
z0 being exluded from the ondition∑
p
np = N. (5.10)
Let us also remember the expression for the partition funtion of the ideal Bose-gas (5.6)
the partiles of whih have the mass m∗
Z0N = exp
[
−
∑
q
ln
(
1− z0e−β~2q2/2m∗
)]
. (5.11)
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The neessary integral by ωk in (3.8) taking into aount pair orrelations an be easily
taken. We will find the wave funtion (5.4):
J(ρ) =
(∏
q 6=0
′ 1
piS0(q)
)
exp
[
−1
2
∑
q 6=0
ρqρ−q
S0(q)
]
. (5.12)
Now, taking into aount (5.12) the integration over the variables ρq in (5.3) is redued
to the alulation of the Poisson integral:
ZN = Z
0
N exp
{
−βE0 +
∑
q 6=0
ln
(
1− e−β ~
2q2
2m∗
1− e−βE(q)
)
+
1
2
∑
q 6=0
ln

αq tanh [β2E(q)]
tanh
[
β ~
2q2
4m∗
]


(5.13)
− 1
2
∑
q 6=0
ln
[
1 +S0(q)
(
αq tanh
[
β
2
E(q)
]
− tanh
[
β
~
2q2
4m∗
])]}
.
Expressions (5.1) and (5.13) for the density matrix and for the statistial operator are
the starting formulae for the alulation of the thermodynami and struture funtions of
the Bose-liquid. Before we pass over to the alulation of these values we will make some
preliminary studies.
First of all we will say that we have not obtained the equation for the ideal mass m∗.
It is not surprising at all as we were working in the approximation of one sum by the wave
vetor q and the differene between the effetive mass m∗ and the initial partile mass m
is proportional to the sum by q.
Let us pass to the disussion of the obtained expressions for the partition funtion and
the density matrix. It is apparent that when we swith off the interpartile interation with
νq = 0, i. e., αq = 1 we will obtain from (5.1) that for any temperature
RN(x|x′) = R0N (x|x′),
and
ZN = Z
0
N .
Notwithstanding the naturalness of this ondition it will not be met, for instane, by the
well-known Penrose formula for the N-partiles density matrix. This formula was also
obtained by E. Feenberg [23℄. Applying the method of oherent states it was also found in
[24℄. With the help of wave funtions of the many-boson BogoliubovZubarev system [26℄
it was alulated in [27, 28℄. Using our notations it looks as follows:
RN (x|x′) =
{∏
q 6=0
′
αq tanh
E(q)
2T
}
exp
{
− E0
T
−
∑
q 6=0
ln
(
1− e−E(q)/T )
+
1
4
∑
q 6=0
(ρqρ−q + ρ
′
qρ
′
−q)−
1
4
∑
q 6=0
αq
sinh[E(q)/T ]
[
(ρqρ−q + ρ
′
qρ
′
−q)
× cosh E(q)
T
− (ρqρ′−q + ρ′qρ−q)
]}
. (5.14)
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This expression holds true only for T → 0. If αq = 1, then from (5.14) we obtain an
expression for the ideal gas density matrix
R0N(x|x′) =
{∏
q 6=0
′
tanh
[
~
2q2
4mT
]}
exp
{
−
∑
q 6=0
ln
(
1− e−~2q2/2mT
)
+
1
4
∑
q 6=0
(ρqρ−q + ρ
′
qρ
′
−q)−
1
4
∑
q 6=0
1
sinh(~2q2/2mT )
×
[
(ρqρ−q + ρ
′
qρ
′
−q) cosh
[
~
2q2
2mT
]
− (ρqρ′−q + ρ′qρ−q)
]}
, (5.15)
whih does not oinide with the preise expression (1.9) for m∗ = m. It is not surprising
at all as in the ρq representation the kineti energy operator is not diagonal (whih an be
shown at least from equation (2.7)). It is just on its off-diagonal part that we are building the
theory of perturbations in whih eah subsequent member of the series has in omparison
with the previous member an additional summation by the wave vetor q.
It is urious that formulae (5.14) and (5.15) prompt to us how one an formally obtain
our result for the density matrix. Thus we have the equation
RN(x|x′) = R0N (x|x′)
RN (x|x′)(from formula (5.14))
R0N (x|x′)(from formula (5.15))
. (5.16)
If we use expressions (5.14) and (5.15) in the right-hand part of this equation for the
density matries relation, we will immediately arrive at formula (5.1) with m∗ = m. This
trik also hints at a possibility of alulating the effetive mass m∗. Thus, should we find
the following approximation for the density matrix (5.14), for instane by solving Bloh's
equation diretly, as suggested in [28℄, the result will be the following. Firstly, we will
obtain in the (5.14) exponent the ∼ ρq1ρq2ρq3 members from q3 = −q1 − q2, viz., a
ontribution from the three-partile orrelations and also a share of the ontribution from
the four-partile orrelations ∼ ρq1ρ−q1ρq2ρ−q2 (appropriately systematized as regards the
primed and the nonprimed variables (1.11) and (1.12)). Besides, there also arise orretions
∼ ∑q 6=0(. . .)/N to the zero approximation oeffiient funtions around ρqρ−q in (5.14)
(again systematized as regards the primed and the nonprimed variables). A part of these
orretions an be hidden"quite naturally by renormalizing the partile mass m. After this
fixing of the renormalized mass m∗ we suggest that αq → 1 and find the ideal gas density
matrix R0N (x|x′) in whih instead of m we will have m∗. Then we will address formula
(5.16) and by the same reasoning we arrive at (5.1) with the known value of m∗. Now from
formula (5.16) we an also answer the question why formula (5.1) holds true for any mass
m∗. The matter is that me multiply and divide by the same value R0N (x|x′) finding"the
denominator for all the orders of the perturbation theory by the sums number and by the
wave vetor.
In the approah suggested here the effetive mass also arises in the natural fashion if we
take into onsideration the ontribution of the many partile orrrelations in expressions
(1.10) and (2.4) and if we renormalize the mass by the ontributions to be fatorized
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(possibly with the dependene upon the wave vetor q)). We will not disuss here higher
approximations and the disussion of the issue of m∗ will be returned to in Setion VIII.
If we diret the temperature towards zero, i. e., β →∞ then from (5.1) with the onsid-
eration of the fat that the density matrix of the ideal Bose-gas, whih in this ase is fully
degenerate, equals 1/V N , we will obtain in ompliane with designation (1.6) the following
expression
RN(x|x′) = e−βE0ψ0(x′)ψ0(x),
where the normalized wave funtion of the main state of the interating Bose-partiles
system
ψ0(x) =
1√
V N
(∏
q 6=0
√
αq
)
exp
[
−1
4
∑
q 6=0
(αq − 1)ρqρ−q
]
oinides with that disovered for the first time by Bogoliubov and Zubarev [26℄.
Finally we will onsider the lassial limit ~→ 0 of the density matrix diagonal elements
(5.1) when ρ′q = ρq. The energy E0 from (2.16) in this area boundary transforms into
E0 =
N(N − 1)
2V
ν0 −
∑
q 6=0
N
2V
νq. (5.17)
Then, the first logarithm as a sum of q in the exponent in (5.1) (together with the fator
1/2) is redued at ~ → 0 to ln αq and the seond one to ln(1/αq); they anel eah other,
the fator at ρqρ−q equaling
ν∗q = αq tanh
[
β
2
E(q)
]
− tanh
[
β
~
2q2
4m
]
,
ν∗q = β
N
V
νq, ~→ 0. (5.18)
We have made use of the fat that at high temperatures m∗ → m. In the R0N (x|x) matrix
from (1.9) at ~→ 0 only an idential permutation survives
R0N(x|x) =
1
N !
(
m
2piβ~2
)3N/2
.
Consequently, bringing everything together we have the exat lassial solution for the
density matrix
RN(x|x) = 1
N !
(
m
2piβ~2
)3N/2
e−βΦ,
where the potential energy Φ is given by equation (2.5).
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For the partition funtion(5.13) taking into aount the fat that in the lassial limit
~→ 0 the strutural fator of the ideal gas (5.8) S0(q) = 1 we find a well-known expression
in the random phase approximation [3, 25℄:
ZN = Z
0
N exp
{
− βN(N − 1)
2V
ν0
− 1
2
∑
q 6=0
[
ln
(
1 + β
N
V
νq
)
− βN
V
νq
]}
, (5.19)
Z0N =
V N
N !
(
m
2piβ~2
)3N/2
.
Thus from expressions (5,1), (5,13) for the density matrix and the partition funtion
we have reeived all the known limiting ases both in the essentially quantum and lassial
regions. For that matter we an expet these expressions to give good results also in the
intermediate temperature region, in partiular in the viinity of the λ-transition point.
6 ENERGY
From expression (5.13) for the partition funtion we find the energy by the well-known
thermodynami equation:
E =
∂
∂β
(βF ) = − ∂
∂β
ln ZN .
Simple alulations give
E = E0 +
∑
q 6=0
E(q)
eβE(q) − 1 +
∑
q 6=0
~
2q2
2m∗∗
[
1
z−10 e
β~2q2
2m∗ − 1
− 1
eβ
~2q2
2m∗ − 1
]
− 1
2
∑
q 6=0
(
E(q)
sinh[βE(q)]
− ~
2q2/2m∗∗
sinh[β~2q2/2m∗]
)
+
1
2
∑
q 6=0
1
1 + S0(q) (αq tanh [βE(q)/2]− tanh [β~2q2/4m∗]) (6.1)
×
{
S0(q)
2
[
αqE(q)
cosh2 [βE(q)/2]
− ~
2q2/2m∗∗
cosh2 [β~2q2/4m∗]
]
+
∂S0(q)
∂β
(
αq tanh
[
β
2
E(q)
]
− tanh
[
β
~
2q2
4m∗
])}
,
where the value
m∗∗ = m∗
/[
1 + βm∗
∂
∂β
(
1
m∗
)]
. (6.2)
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For the atual alulus of the temperature dependene of the energy E we will write in
more detail the ideal Bose-gas strutural fator (5.8) and its derivative with respet to the
inverse temperature
∂S0(q)
∂β
=
2
N
∑
p
∂np
∂β
n|p+q|, (6.3)
whih enter (6.1) with the onsideration of the BoseEinstein ondensation phenomenon.
Bose-ondensation arises on ondition that z0 = 1 and the ritial temperature Tc is
determined from equation (5.10) [1, 4, 6℄
Tc =
2pi~2
m∗
[
N
V
/
ζ(3/2)
]2/3
, (6.4)
where Riemann ζ-funtion ζ(3/2) = 2.612375... . As the effetive mass also happens to be a
funtion of temperature, expression (6.4) as a matter of fat is the equation for determining
the temperature of the Bose-ondensation Tc.
In (5.4) we will single out the terms with the average number of partiles n0 whose
momenta equal zero:
T ≤ Tc, z0 = 1,
S0(q) = 1 + 2
n0
N
nq +
1
N
∑
p6=0
p+q 6=0
npn|p+q|. (6.5)
Now, taking into aount the temperature dependene of the Bose-ondensate fration for
an ideal gas [1, 4℄
n0
N
= 1−
(
T
Tc
)3/2
,
whih is also determined from ondition (5.10) for the temperatures T ≤ Tc. We find from
(6.5) that
S0(q) = coth
(
β
~
2q2
4m∗
)
− 2
(
T
Tc
)3/2
nq +
1
N
∑
p6=0
p+q 6=0
npn|p+q|.
In this expression we will pass from the summation over the wave vetor p to the integration
onsidering the thermodynami limit N → ∞, V → ∞, N/V = ρ = const and ultimately
we find after integration over angles
S0(q) = coth
(
β
~
2q2
4m∗
)
− 2(T/Tc)
3/2
eβ
~2q2
2m∗ − 1
+
m∗
4pi2ρq~2β
×
∫ ∞
0
p
eβ~2p2/2m∗ − 1ln
∣∣∣∣∣1− e
−β
~
2(p+q)2
2m∗
1− e−β ~2(p−q)22m∗
∣∣∣∣∣ dp, (6.6)
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T ≤ Tc.
For the temperatures whih are above the ritial temperature the Bose-ondensate is
absent (n0 = 0), that is why from (5.8)
S0(q) = 1 +
m∗
4pi2ρq~2β
∫ ∞
0
p
z−10 e
β~2p2/2m∗ − 1
× ln
∣∣∣∣∣1− z0e
−β
~
2(p+q)2
2m∗
1− z0e−β
~2(p−q)2
2m∗
∣∣∣∣∣ dp, (6.7)
T ≥ Tc.
We arry out analogous alulations also for the struture fator derivative (6.3):
∂S0(q)
∂β
= 3T
(
T
Tc
)3/2
1
eβ
~2q2
2m∗ − 1
− ~
2q2/4m∗∗
sh2
(
β ~
2q2
4m∗
)
[
1−
(
T
Tc
)3/2]
− m
∗
16pi2ρqβm∗∗
∫ ∞
0
dp
p3
sinh2
(
β ~
2p2
4m∗
) ln
∣∣∣∣∣1− e
−β ~
2(p+q)2
2m∗
1− e−β ~2(p−q)22m∗
∣∣∣∣∣ , (6.8)
T ≤ Tc
and
∂S0(q)
∂β
= − m
∗
16pi2ρqβm∗∗
∫ ∞
0
dp
p3
sinh2
[
β ~
2p2
4m∗
− ln z0
2
]
×
(
1− ∂ ln z0
∂β
/
~
2p2
2m∗∗
)
ln
∣∣∣∣∣1− z0e
−β ~
2(p+q)2
2m∗
1− z0e−β ~
2(p−q)2
2m∗
∣∣∣∣∣ , (6.9)
T ≥ Tc.
Let us now analyze the expression for the energy E from (6.1) in the low-temperature
region. If T < Tc then z0 = 1 and the ontribution of the third term in (6.1) equals zero and
the last two terms anel eah other, and this an be seen from (6.6) and (6.8) at β →∞,
S0(q) → 1, ∂S0(q)/∂β → 0 and also sinh [βE(q)] ∼ eβE(q) as well as cosh2 [βE(q)/2] ∼
eβE(q). Consequently, we obtain Bogoliubov's formula for the energy as a mean value of the
energy of the non-interating elementary exitations:
E = E0 +
∑
q 6=0
E(q)
eβE(q) − 1 , T → 0.
In the quasi-lassial limit ~→ 0 from (6.1) we an easily find:
E =
3
2
NT +
N(N − 1)
2V
ν0 − T
2
∑
q 6=0
(
βN
V
νq
)2
1 + βN
V
νq
. (6.10)
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This expression orresponds to the random phases approximation also for the partition
funtion (5.19). When arriving at it we took into aount that at ~ → 0 the value of E0
in (6.1) gets aneled together with the seond member in the square brakets of the third
term sine at high temperatures the high values of q prove to be important when αq → 1.
The fourth term in expression (6.1) at ~ → 0 also tends to zero and from the last fifth
term we find a ontribution taking into aount that S0(q)→ 1 and ∂S0(q)/∂β = 0 as an
be seen from (6.7) and (6.9). Finally, the first term in the square brakets of the seond
term of the energy E is the energy of the ideal gas (with the temperature dependene of
the effetive mass m∗ being taken into aount) and in the lassial limit it equals 3NT/2.
Hene, both at high and low temperatures our theory yields orret limiting ases. That
is why we an expet good results also in the intermediate area of temperatures.
7 STRUCTURE FACTOR AND THE POTENTIAL
ENERGY
By definition the struture fator is the mean quadrati flutuation of partiles density:
S(q) =
∫ |ρq|2RN (x|x)dx∫
RN(x|x) dx . (7.1)
For alulating this expression we will use the designation of the partiton funtion (3.2)
with integration and variables ρq (5.3) and we will write (7.1) as a funtional derivative:
S(q) = −2δ ln ZN
δν∗q
, (7.2)
where the quantity ν∗q is defined by formula (5.18). By means of expression (5.13) we will
find from (7.2) that
S(q) =
S0(q)
1 + S0(q) (αq tanh [βE(q)/2]− tanh [β~2q2/4m∗]) . (7.3)
At the temperature of absolute zero (T = 0 K) when ν∗q = (αq − 1), we have the
expression whih is yielded by Bogoliubov's theory [16, 26℄:
S(q) =
1
αq
. (7.4)
The lassial limit ~→ 0 in (7.3) also yields a well-known result for the struture fator in
the random phase approximation:
S(q) =
1
1 + βN
V
νq
. (7.5)
We have one more illustration of the onsisteny of our theory.
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Using formula (7.3) we find the mean value of the potential energy (2.5) alulated with
the full Hamiltonian (1.1):
〈Φ〉H =
∫
R(x|x)Φ dx∫
R(x|x) dx .
Thus,
〈Φ〉H = N(N − 1)
2V
ν0 (7.6)
+
N
2V
∑
q 6=0
νq
[
S0(q)
1 + S0(q) (αq tanh [βE(q)/2]− tanh [β~2q2/4m∗]) − 1
]
.
In its turn, this expression makes it possible to alulate the mean kineti energy K as a
differene of the full energy (6.1) and (7.5):
K = E − 〈Φ〉H . (7.7)
8 EFFECTIVE MASS
As we have already mentioned in [19℄ a different method was used to obtain a formula for
the density matrix RN(x
′|x) as a produt of the density matrix of the interating partiles
with the effetive mass m∗ multiplied by the fator PN(x
′|x) whih takes into aount the
interpartile orrelations. Moreover, both for PN(x
′|x) and for m∗ an expression was found
only in the limit T = 0 K. The effetive mass is determined by the following equation [19℄:
m
m∗
= 1− 1
3N
∑
q 6=0
(αq − 1)2
αq(αq + 1)
. (8.1)
It is urious that this result oinides with the expression for the effetive mass M∗ of
the impurity atom moving in the liquid
4
He whih we obtained in [29℄ using a ompletely
different method
M
M∗
= 1− 1
3N
∑
q 6=0
(αq − 1)2
αq
(
1 + αq
M
m
)
[
1−
(
1− M
m
)
1 + αq
M
m
]2
, (8.2)
should the atom of the impurity be taken as equal to the massm, i. e., to the mass of the 4He
atom. Expression (8.1) with the square braket replaed by one was obtained independently
in several studies [30, 31, 32, 33℄.
The fat that the analytial extension"of formula (8.2) in the ase when the impurity
mass equals that of the liquid atom takes us to expression (8.1) testifies to a ertain self-
onsisteny of the theory [19℄. The same oinidene of effetive masses as shown in [19℄
annot be expeted at the temperatures not equaling zero. A dependene between the
effetive mass of the impurity M∗ on the temperature was studied in [34℄.
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It is obvious that for high temperatures the role of interatomi interation dereases
and m∗ → m when β → 0. Let us onsider this question in more detail. Let the impurity
atom of the mass M and the oordinate R move in the liquid. The omplete Hamiltonian
of the system an atom plus liquid"onsists of the sum of the Hamiltonians of the liquid
(1.1) plus the Hamiltonian of the impurity
Hi =
Mv2
2
+
N
V
ν¯0 +
√
N
V
∑
q 6=0
ν¯qe
iqRρq. (8.3)
Here the first term is the kineti energy of the impurity atom whose veloity equals v, the
two other terms being its potential energy of the pair interation with the liquid atoms
with the Fourier ν¯q oeffiient. As we onsider a lassial system its partition fator Z and
aditional energy ∆E to the full energy of the liquid (6.10) an be easily found in the random
phase approximation (see (5.19))
Z = ZNZi, (8.4)
where
Zi = V
(
M
2piβ~2
)3/2
exp
{
− βN
V
ν¯0 +
1
2N
∑
q 6=0
(
βN
V
ν¯q
)2
1 + βN
V
νq
}
, (8.5)
and ZN an be found from formula (5.19);
∆E =
3
2
T +
N
V
ν¯0 − T
2N
∑
q 6=0
(
βN
V
ν¯q
)2
1 + βN
V
νq
− T
2N
∑
q 6=0
(
βN
V
ν¯q
1 + βN
V
νq
)2
. (8.6)
Let us now introdue some effetive Hamiltonian of the system an atom plus liquid"in
whih the mass of the impurity atom is substituted by the effetive massM∗, the interation
between the liquid partiles νq is substituted by ν˜q at q 6= 0 and the interation between the
impurity atom and the liquid is absent. Constants ν0 and ν¯0 remain invariable at q = 0 as
we are interested by the renormalization via flutuation mehanism, when q 6= 0. We will
introdue the quantitiesM∗, ν˜q in the way so that the thermodynami funtion of the initial
system an atom plus field"and the approximating model with the effetive Hamiltonian
should oinide in the respetive approximations. For the suggested model with the effetive
Hamiltonian the partition funtion an be found easily
Z = Z0NV
(
M∗
2piβ~2
)3/2
exp
[
− βN(N − 1)
2V
ν0 − βN
V
ν¯0
+
1
2
∑
q 6=0
β
N
V
ν˜q − 1
2
∑
q 6=0
ln
(
1 + β
N
V
ν˜q
)]
(8.7)
Let us now ompare expressions for the partition funtion of the initial system(8.4) and
(8.5) and the model system (8.7):
− 3
2
ln
M
M∗
− 1
2
∑
q 6=0
[
ln
(
1 + β
N
V
ν˜q
)
− βN
V
ν˜q
]
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=
1
2N
∑
q 6=0
(
βN
V
ν¯q
)2
1 + βN
V
νq
− 1
2
∑
q 6=0
[
ln
(
1 + β
N
V
νq
)
− βN
V
νq
]
. (8.8)
Taking into aount some arbitrariness in the designation of M∗ and ν˜q we will equate
in (8.8) logarithmi terms. As a result of this we will find the effetive potential
ν˜q = νq +
βν¯2q
V
(
1 + βN
V
νq
)
and in the linear approximation the effetive mass:
M
M∗
= 1− 1
3N
∑
q 6=0
(
βN
V
ν¯q
1 + βN
V
νq
)2
. (8.9)
Let us now put in (8.9) that M = m, ν¯q = νq and find an expression for the effetive
mass m∗ in the lassial limit ~→ 0:
m
m∗
= 1− 1
3N
∑
q 6=0
(
βN
V
νq
1 + βN
V
νq
)2
. (8.10)
Thus, formulae (8.1) and (8.10) determine the effetive mass in the limiting ases T = 0
and ~ → 0. One an rewrite these two formulae using the liquid struture fator S(q). At
the absolute zero temperature from (8.1) and (7.4) one an find
m
m∗
= 1− 1
3N
∑
q 6=0
[S(q)− 1]2
S(q) + 1
, T = 0, (8.11)
and from (8.10), (7.5) the high-temperature limit is obtained:
m
m∗
= 1− 1
3N
∑
q 6=0
[S(q)− 1]2, T →∞. (8.12)
The above expressions might be sewed together numerially and the temperature depen-
dene of the effetive mass an be obtained. However, both of them are from the soure
other than the presented paper. Although, this is neessary at T = 0 as the mass m∗ at
this ondition just drops out from all the expressions, as seen from (5.1).
To reah full self-onsisteny of our theory at T 6= 0 we need to find the expression for
m∗ within the onsidered approah. One an demand, e. g., by means of speial seletion of
m∗, the expressions for the kineti energy (7.7) and that from 〈K〉 = −mdF/dm (following
from the know theorem about the derivation of the free energy F by some parameter) or
〈K〉 alulated from the density matrix R(x′|x) from (5.1) to equal. It is lear that in the
exat theory all these expressions oinide, but as a onsequene of the pair orrelations
approximation we use here they differ. To reah the self-onsisteny of the theory one
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an utilize the arbitrariness of the parameter m∗ and hoose it every time to obtain these
formulae to be equal for the kineti energy at different temperatures.
A simpler approah to fix m∗ also exists. One an, e. g., hoose m∗ to agree formula
(7.3) for the struture fator with its experimental values at different temperatures. To
make it in average for all the values of the wave vetor q one an rewrite expression (7.3)
as follows:
1
S(q)
− 1
S0(q)
− αq tanh
[
βE(q)
2
]
= − tanh
(
β
~
2q2
4m∗
)
.
Let us make the integration over q in this equation, adding previously unity in both sides
for the sake of onvergene. After the integration over angles we find:∫ ∞
0
q2
{
1
S(q)
− 1
S0(q)
−
(
αq tanh
[
βE(q)
2
]
− 1
)}
dq
=
∫ ∞
0
q2
(
1− tanh
[
β
~
2q2
4m∗
])
dq. (8.13)
Integral in the right-hand side is easily alulated and we finally arrive at:∫ ∞
0
q2
{
1
S(q)
− αq tanh
[
βE(q)
2
]}
dq
=
∫ ∞
0
q2
[
1
S0(q)
− 1
]
dq +
(
m∗
β~2
)3/2√
pi(
√
2− 1)ζ (3/2) . (8.14)
This equation solves the problem of the effetive massm∗ alulation via known S(q) for
non-zero temperatures. Let us note that aording to (7.4) this quantity equals to struture
fator at T = 0, and S0(q) also depends onm
∗
. Equation (8.14) an be used to sew together
formulae (8.11), (8.12) being orret both at low and high temperatures.
Let us indiate one more way to determinem∗ via the ondition that the pair distribution
funtion of
4
He at zero interatomi distane should equal to zero due to hard ore in
the interation potential. Only the numerial alulation an show how all the desribed
approahes to the determination of m∗ onord.
Therefore, if the liquid struture fator measured experimentally [35, 36, 37, 38℄ is used
as a soure information, the theory of liquid
4
He proposed in this paper gives the onnetion
between the observable quantities in the whole temperature interval, inluding the viinity
of λ-transition. Suh an approah was utilized by the author in [39, 42℄ for the alulation
of different physial properties of
4
He near the absolute zero, T → 0 K.
I express my gratitude to my olleagues from the Department for Theoretial Physis of
the Lviv University, espeially to Andrij Rovenhak, for the disussions about the results.
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